We propose a new band-extrapolation method using an iterative Hilbert-transform procedure, which is applicable for band-limited complex-frequency data obtained from a Fourier-transform phase-modulation fluorometer (FT-PMF). Without the band limitation, the real and the imaginary parts of the complex-frequency data obtained from the FT-PMF form a Hilbert-transform pair because of causality. However, the Hilbert-transform relation cannot actually hold because of the inevitable band limitation in the instrument. In order to alleviate this problem, we propose the band-extrapolation method. First, the real part of the complex-frequency data is Hilbert-transformed and the partial frequency data inside the band are replaced by the imaginary ones actually measured while those outside are kept as they are. Next, the corrected imaginary-frequency data are inverse-Hilbert-transformed again and the real-frequency data inside the band are replaced by those measured while those outside are kept. Such a procedure is iterated until changes in shapes of respective frequency waveforms are sufficiently small. Finally, we can obtain a desired time-domain waveform by the inverse Fourier transform of the pair of the extrapolated complex-frequency data. Numerical simulations showed that the proposed method was valid. A good agreement between two fluorescence decay waveforms of fluo-5N in calcium ion buffer, one obtained from the proposed method and the other obtained from the conventional time-correlated single-photon counting method, showed that the proposed method was useful.
Introduction
In the previous paper, we proposed the principle of a Fouriertransform phase-modulation fluorometer (FT-PMF) [1] and reported its construction [2] . In the FT-PMF, the modulation frequency of the excitation light source for the reference and that for the sample are swept continuously from a start frequency f min = 0 Hz to an end frequency f max within a time interval T. After the two response waveforms are Fouriertransformed, the ratio of the two amplitude spectra and the difference of the two phase spectra are calculated, respectively. Then, we can obtain a fluorescence decay waveform by the inverse Fourier transform of amplitude ratio and phase difference. The idea of the FT-PMF was to bridge the two well-established techniques for time-resolved spectroscopy: the time-domain and the frequency-domain methods. The FT-PMF gives us a fluorescence decay waveform, which was not obtainable in principle by the conventional PMF while keeping its advantages.
The value of the end frequency f max should be increased for measuring a fluorescent sample whose lifetime τ is short.
Concerning the end frequency, we have already found an empirical relation for the PT-PMF to work well: f max τ > 1 [1, 2] . However, such a relation cannot be always satisfied because of the limitation of the frequency bandwidth of the instrument. It is not possible to make the end frequency infinite by any means, and, therefore, we always have to obtain frequency band-limited data. Actually, the attainable end frequency of our FT-PMF constructed was f max = 150 MHz (at −3 dB point), which meant that it was somewhat difficult for the FT-PMF to measure fluorescence lifetime less than 6-7 ns [2] . In order to alleviate such a problem to some extent, we propose a data-processing method in the present paper, which is to extrapolate the band-limited frequency data. Such a procedure is well known as digital super-resolution.
Digital super-resolution is defined as a technique to recover an original signal from a distorted one that was measured by an incomplete measurement system. To attain the aim, some kinds of a priori information on the system are introduced. One well-known example is the superresolution proposed by Harris [3] . He introduced a constraint of the finite spread of the image signal in a diffractionlimited optical system. Gerchberg, Saxton and Papoulis proposed a simple algorithm for the band-limited extrapolation [4] [5] [6] . They introduced an iterative procedure for the bandlimited frequency data, where truncation and substitution were repeated for the real and the frequency-domain data until convergence was reached under a constraint of the finite spread of the signal in the real domain. Their algorithm has been refined to apply for a phase recovering problem in various fields [6] [7] [8] [9] .
Our method proposed in the present paper is different from the conventional ones in that only band-limited complexfrequency data are used. We assume that (1) the measured frequency data within the band are accurate, (2) the system has no time delay and (3) the causality relation is satisfied for the case of infinite frequency bandwidth. We can make the assumption (1) satisfied when noise is small. The assumptions (2) and (3) are satisfied automatically for the PMF data. The key of the algorithm for the extrapolation is to use an iterative Hilbert transform for the real and the imaginary parts of the complex-frequency data. In the present paper, we outline the principle of the FT-PMF, describe the principle of the band-extrapolation method, show some simulation results and demonstrate experimental results applied for real fluorescent samples. Figure 1 shows the principle of operation of the FT-PMF [1, 2] . Here, the modulation frequency of the excitation light source in the FT-PMF is swept continuously from a start frequency f min = 0 Hz to an end frequency f max = 40.0 MHz within a time interval of T = 10.0 µs as shown in figure 1(a) , where the direct-current (dc) component was subtracted to clarify the figure. The number of total data points is N = 10 000, which means that a data interval is T/N = 1.0 ns (or sampling frequency is f s = N/T = 1.0 GHz). The resultant sinusoidal fluorescence waveform is shown in figure 1(b) , whose amplitude is attenuated and whose phase is shifted as a function of the modulation frequency. The fluorescence waveform is given mathematically by a convolution integral of the original excitation waveform shown in figure 1(a) and the fluorescence decay waveform shown in figure 1(c) . Here, although we assume that the fluorescence decay waveform is expressed by a single-exponential function with a lifetime τ = 70.0 ns for the sake of simplicity, there is no restriction on the shape of the decay waveform in principle as long as it is monotonic. In the FT-PMF, we derive the fluorescence decay waveform by measuring the input excitation waveform and the output fluorescent signal, assuming that the fluorescence measurement system is linear. Such a procedure is known as a deconvolution technique mathematically and, in the FT-PMF, it is carried out in the frequency domain. Figure 1(d) shows two waveforms obtained by Fourier transform of figure 1(a): an amplitude spectrum (upper) and a phase spectrum (lower). Here, the phase spectrum is unwrapped, which means that a smooth phase plot is carried out when absolute values of its arguments exceed every π radians. Similarly, we obtain the amplitude and the phase spectra shown in figure 1(e) from the fluorescent waveform shown in figure 1(b). Dividing the amplitude spectrum shown in figure 1(d) by that shown in figure 1(e), we obtain an amplitude ratio spectrum as shown in figure 1(f ). Subtracting the phase spectrum shown in figure 1(e) from that shown in figure 1(d), we obtain a phase difference spectrum as shown in figure 1(f ). The rationing and subtracting is in fact a division of complex numbers to achieve the deconvolution. Therefore, inverse Fourier transform of the spectra shown in figure 1(f ) gives the fluorescence decay waveform shown by a solid line in figure 1(c). In figure 1(c), the waveform derived is overlapped with that originally assumed, where f max τ = 2.8. For the FT-PMF to work well, we have already found an empirical relation f max τ > 1 [1, 2] . If we set f max = 5.0 MHz while keeping other parameters at the same values as above, we obtain a final waveform as shown by the dashed line in figure 1(c). The decay waveform is severely distorted in comparison with that shown by the solid line because f max τ = 0.35 < 1. 
Principle of FT-PMF and its problem

Principle of band-limited extrapolation
In order to solve the above problem, we propose a new frequency-extrapolation method. Figure 2 (a) shows a bandlimited real (upper) and an imaginary (lower) spectrum, which are immediately obtained from the amplitude ratio and the phase difference spectrum shown by a dashed line in figure 1(f ). Without the band limitation, the two spectra should be a Hilbert-transform pair because of causality. However, the Hilbert-transform relation cannot hold exactly when the frequency band is limited. The basic idea of the method proposed in the present paper is to extrapolate both spectra so as to satisfy the Hilbert-transform relationship with respect to each other. First, the real spectrum shown in figure 2(a) is zero filled so that the number of total data points becomes kN, where k is a large integer value. Although the larger value of k gives the better extrapolation result at the cost of calculation time, we fixed the value empirically so as to satisfy k > 100 fmaxτ . Then, the Hilbert transform is carried out to obtain an imaginary spectrum, which is shown in figure 2(b) . The imaginary spectrum has some higher frequency components, and frequency components within the frequency band are somewhat distorted in comparison with those actually measured. Therefore, correction is made for the calculated imaginary spectrum so that the distorted low frequency components are replaced by those actually measured as shown by a bold solid line in figure 2(c). Here, the higher frequency components are kept as they are. Next, the corrected imaginary spectrum is inverse-Hilbert-transformed to obtain a real spectrum, which is shown in figure 2(d) . Again, the real spectrum has higher frequency components while low frequency components within the band are distorted in comparison with those actually measured. Therefore, for the calculated real spectrum, correction is made so that the distorted low frequency components are replaced by those actually measured as shown by a bold solid line in figure 2(e) and the higher frequency components are kept as they are. Again, this corrected real spectrum is Hilberttransformed to obtain the imaginary spectrum as shown in figure 2(b) . Such a procedure is repeated until changes in the shapes of both spectra over those obtained in the previous iteration are negligibly small. The converged final spectra are shown in figure 2(f ) . Finally, we can obtain the timedomain waveform by the inverse Fourier transform of the two extrapolated spectra as shown in figure 2(g) .
The proposed procedure is somewhat similar to that given by Gerchberg and Papoulis [4, 5] , where iterative truncation and substitution are carried out in the Fourier and the inverse Fourier domain, respectively. Our method, however, is applied for the real and the imaginary data in the Fourier domain and requires no constraint in the inverse Fourier domain. The required conditions are that (1) the measured frequency data within the band are accurate, (2) the system has no time delay and (3) the causality relation is satisfied for the case of infinite frequency bandwidth. These conditions are approximately satisfied for data obtained from the FT-PMF. This kind of problem is known as a special case of projections onto convex sets (POCS) used for signal and image restoration and synthesis in the inverse problems literature [10] . Dienstfrey and Greengard gave a framework for the analytic-continuation procedure [11] , which was to extrapolate the given band-limited frequency data outside in such a way that the extension was causal and matched the measured functions over the data window. The mathematical basis for the extrapolation method proposed here is that the frequency response of the system that satisfies causality can be determined from its part of the frequency response. According to the identity theorem in complex-variable function analysis, two holomorphic functions that are identical with respect to each other in a given complex-frequency realm are identical in all areas [12, 13] . Because the complex-frequency function given by Laplace transform of a time-response function of the stable causal system is holomorphic in a right-half complex plane including an imaginary axis, we can determine all frequency responses from its partial (or band-limited) response on the imaginary axis. This statement is, however, correct only in a no-noise situation. In the presence of noise, there is some discrepancy in convergence of the iteration method. This point is made clear by numerical simulation in the next section
Numerical simulation
We developed a simulation program by using a command of Hilbert(x) built in a MATLAB software package, which gave the discrete Hilbert transform (DHT) of a vector x based on fast Fourier transforms (FFTs). The DHT g(n) of a sampled, finite-length function f (n) (n = 0, 2, . . . , N − 1) is given by [8] 
To avoid the wrap-around problem of the FFT, we put the value of k large as possible as described in the previous section. In order to ensure the proposed method is applicable for a multi-component fluorescent decay waveform, we carried out some numerical simulations. Figure 3(a) shows a band-limited complex-frequency waveform for a twocomponent fluorescence decay curve, which is given by
as a function of time t, where τ 1 = 1.0 ns, τ 2 = 10.0 ns and A 1 /A 2 = 10. Then, σ = 1.0% uniform noise was added to the complex-frequency data. The parameters of the FT-PMF were set to f max = 120 MHz, T = 1.0 µs, N = 1000 and f s = 1.0 GHz. In such a condition, the decay curve that we can obtain without correction is that shown by the solid line in figure 3(b) . The dashed line in the same figure is the true decay curve originally assumed. The calculated waveform is severely distorted in comparison with the true one because f max τ 1 = 0.1 < 1. Figure 3(c) shows a frequency-extrapolated waveform calculated by the proposed method. In this situation, we can obtain a decay waveform as shown by the solid line in figure 3(d) , which agrees well with the true one shown by the dashed line. From other simulation results, we found that the proposed extrapolation method worked well not only for the exponential decay curve but also for a Gaussian or a Lorentzian decay curve.
Next, we studied the convergence property of the iteration method by calculating the sum of squared residuals between a calculated and a true decay curve with a parameter of f max τ . Here, we assumed a single-exponential decay curve of τ = 1.0 ns and set the FT-PMF parameters to be f max = 100, 400, 700 and 800 MHz for T = 1.0 µs, N = 1000 and f s = 1.0 GHz. Figure 4(a) shows the sum of squared residuals (or error energy) as a function of the number of iterations for the case of σ = 0% noise. From this result, we can understand that the proposed method works well even when f max τ = 0.1 if the number of iterations is increased. Figure 4(b) shows the same results as those shown in figure 4(a) but σ = 1.0%. From this result, we can understand that there is an optimum number of iterations, about 10 3 , where the error energy is minimized. This is because the assumption of causality cannot hold exactly when noise is added. 
Experimental results
Fluorescence decay waveform of YAG material in a white LED
Next, in order to demonstrate the performance of the proposed method, we applied it for actual complex-frequency data obtained from the FT-PMF. The fluorescent sample was YAG (yttrium aluminium garnet) material in a white light emitting diode (LED, NSPW300BS, Nichia). A blue LED enclosed in the same white LED excites the YAG material. An attempt 
Fluorescence decay waveform of fluo-5N in calcium ion buffer
In order to demonstrate the actual performance of the proposed method, we measured the fluorescence decay waveform of 5 µM fluo-5N (Molecular Probes) in calcium ion buffer whose calcium ion concentration was adjusted to be 39 000 nM using a calcium calibration buffer kit (Molecular Probes, C-3009). Its fluorescence decay curve has been measured [14] : it consists of two components at least and their fluorescence lifetimes are around a few nanoseconds. Therefore, it is difficult for our FT-PMT to determine those fluorescence lifetimes without application of the proposed frequencyextrapolation method because f max = 150 MHz at most. Figure 6 (a) shows a final fluorescence decay waveform calculated after the application of the frequency-extrapolation method for data obtained from the FT-PMF setting f max = 120 MHz, T = 10.0 µs, N = 10 000 and f s = 1.0 GHz. To ensure the estimated fluorescent decay waveform is correct, we measured the same fluorescent sample by a conventional time-correlated single-photon counting method [14] . The light source used was an ultraviolet laser diode (emission wavelength: 374 nm, Model PLP-10, Hamamatsu Photonics). the excitation light profile and the fluorescence decay waveform of figure 6(a) calculated. We can understand that the two fluorescence decay waveforms are almost the same and that they have two decay components at least. The values of the fluorescence lifetimes are around τ 1 = 0.7 ns and τ 2 = 2.1 ns and A 1 /A 2 is about 5. We can understand that our extrapolation method works quite well even for the real multicomponent fluorescent sample.
Conclusions
We proposed a new band-extrapolation method for bandlimited complex-frequency data obtained from the FT-PMF, which was applicable for a continuous, differentiable and monotonic fluorescence decay waveform. In light of this point, a least-squares fitting procedure to multiple exponentials might also work well. The fitting procedure, however, needs to know the shape of the fitting function. The extrapolation method proposed in the present paper needs no a priori information. For that purpose, an iterative Hilbert transform was carried out for the real and the imaginary parts of the complex-frequency data alternately. After every Hilbert transform, partial frequency data within the band were replaced by those actually measured. Numerical simulations and experimental results showed that the proposed method was effective. Although we introduced the method for use in the FT-PMF, it might have potential for use as a versatile data-processing tool for digital super-resolution.
